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Abstract. We compare the metric and the Palatini formalism to obtain the Einstein equations in the 
presence of higher-order curvature corrections that consist of contractions of the Riemann tensor, 
but not of its derivatives. We find that in general the two formalisms are not equivalent and that 
■ the set of solutions of the Palatini equations is a non-trivial subset of the solutions of the metric 

equations. However we also argue that for Lovelock gravities, the equivalence of the two formalism 
holds completely and give an explanation of why it holds precisely for these theoriesO] 
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One of the main lessons of General Relativity is that spacetime is a dynamical entity, 
with physical degrees of freedom, just like the matter and field content. Mathematically, 
spacetime is then described by a D-dimensional manifold, equipped with a metric g^ v 
and a connection T^ v , whose dynamics is described by the Principle of Minimal Action. 
In differential geometry, the metric and the connection are two independent quantities 
and only assuming the connection to be symmetric (T^ v = T^) and metric compatible 
(V^g V p = 0), the connection is uniquely determined by the metric components, yielding 
the so-called Levi-Civita connection, 
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In General Relativity, one usually (tacitly) assumes, mostly due to simplicity and unique- 
ness arguments, that the Levi-Civita connection describes correctly the physics in Nature 
and hence that the metric is the only dynamical variable in the theory. However there also 
exists a mathematically more rigorous argument, called the Palatini formalism [20, to 
prefer the Levi-Civita connection above more general ones, at least for Einstein gravity. 

The argument goes as follows: Consider the Einstein-Hilbert action as a functional of 
the metric and an arbitrary connection T^ v , independent of the metric, 



S(g,T) = / d D x ^\g~\g^ v Ra V (T), (2) 




where R^ V (T) is the Ricci tensor associated to . The equation of motion of the metric 
gives directly the Einstein equation for arbitrary connections, R^ V (T) — jg^ v R(T) = 0, 
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while the one for the connection identifies it as being Levi-Civita. Not only this set of 
equation is equivalent to the Einstein equations obtained from metric formalism (i.e. 
supposing Levi-Civita and varying w.r.t the metric), but it also identifies the Levi-Civita 
connection as a minimum of the action, rather than a convenient choice. 

Though the Einstein-Hilbert action is the natural choice for an action for gravity 
in four dimensions, there is no reason to exclude higher-curvature terms in higher 
dimensions. Higher-curvature corrections appear naturally in string theory, but will in 
general give rise to higher-order differential equations, thus introducing ghosts in the 
theory. However Lanczos Hfl, and later Lovelock |4|, presented a family of Lagrangians, 
called Lovelock gravities, that give rise to only second-order (and hence ghost free) 
Einstein equations. For every order in the curvature terms there is a unique Lovelock 
Lagrangian, that therefore can be considered as the natural extensions of the Einstein- 
Hilbert action to higher dimensions. A natural question to ask now is whether the Palatini 
formalism holds in the presence of general higher-curvature terms. 

Consider a general gravitational action that is a functional of the metric and (contrac- 
tions of) the Riemann tensor, but not of its derivatives, 

d D x^/\i\^(Snv,R^ P X )- (3) 

In the metric formalism, the Einstein equation is obtained by varying this action S(g) 
w.r.t. the explicit metric and the metrics inside the Riemann tensors, via the chain rule, 
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such that the gravitational tensor H^ v = ^/\g\ 1 (8S(g) / <5g^ v ) is then given by 
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On the other hand, in the Palatini formalism the equations of motion of the metric and 
the connection generate a gravitational tensor and a connection tensor J£p" v as 



_ i SS(g,T) MV _ ! 8S(g,T) 
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In general the expressions for and e ^p iV are complicated, due to the fact that 
for general connections the Riemann tensor has less symmetries than in the Levi-Civita 
case. However, since we are interested in comparing the Palatini formalism with the 
metric case, we will take the Levi-Civita connection as an Ansatz, substitute it in the 
J^liv and J£p" v and compare the tensors with H^ v . Imposing the Levi-Civita connection 
simplifies the expressions to 
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The point now is to compare the equations obtained in the different formalisms. From 
© and © it is clear that the main difference between H^ v and J^v is the absence 
of second derivative terms in the latter. It is then natural to try to write the difference 
between these two tensors in terms of derivatives of J^A,. Indeed, we have that |Q]] 




This result has been derived earlier in Ref. dHj], but through a completely different ap- 
proach, imposing the Levi-Civita connection via a Lagrange multiplier, such that the 
connection is not really an independent field, while we first derived the independent 
equations of motion and then substituted Levi-Civita as an Anstaz. It might seem re- 
markable at first sight that both methods yield the same results. 

The question now arises whether the two formalisms are really equivalent, i.e., 
whether any solution of one set also solves the equations of the other set. It will be 
clear that, in general, equation ([8]) states that the Palatini formalism is contained within 
the metric formalism: any solution of the equations of motion in the Palatini formalism 

= —kT^v, ^(uv) = ^' ^ 

is also a solution of the Einstein equation in the metric formalism, which using © can 
be written as 

- 3 V P^v) + W VP ^v)p + iSHv^^p = -rfiiv- (10) 

The opposite however is not necessarily true: in a general solution the different terms in 
the left-hand side of (flOl) will conspire to satisfy the equation, rather than spontaneously 
decompose along the lines of ®. In general the solutions of the Palatini formalism 
(supposing Levi-Civita) is a non-trivial subset of the solutions of the metric formalism. 
In yj] specific examples are given of solutions of (flOl) that do not solve ©. 

A natural question then is to ask under which conditions solutions of the metric 
formalism also solve the Palatini equations and what the physical meaning of these 
conditions is. From © we see that a necessary and sufficient condition is that the 
connection tensor vanishes, while from © we see that J^^ p has the structure of a 
divergence, 

X»P =V V B V »P X . (11) 

The vanishing of therefore implies a conserved current B Viip x, which depends on 
the Lagrangian under consideration. Since B Vfip i can be written in terms of contrac- 
tions of the Riemann tensor, the connection equation imposes certain extra symmetry 
requirements on the metric and only those solutions of the metric equations that posses 
this symmetry are also solutions of the Palatini formalism. 

However it is also clear that for Lagrangians for which ^^ v ) is identically zero, 
equations © and (flOl) happen to become equivalent, as the equations (flOl) reduce to ©. 
In fact a family of such Lagrangians exists and they turn out to be precisely the Lovelock 
gravities [6]. At first sight it might seems surprising that precisely the Lagrangians that 
yield only second-order differential equations (and hence are ghost-free), happen to be 



also the ones for which the Palatini formalism is completely equivalent to the metric 
formalism. However there is an easy way to see that these two properties of Lovelock 
Lagrangians are in fact closely related. 

Let us first have a closer look at the relation between the different gravitational 
tensors and the connection tensor, as put in equation ([8]). Where by definition H^y is the 
variation with respect to both the explicit metrics and metrics inside curvature tensors, 
J^iv and Jtfnv are the variations of the action ([3]) w.r.t. explicit metrics and connections 
respectively. Since the connections appear precisely in the curvature tensors, i.e in the 
places that in the metric formalism contain the implicit metrics, it is clear that the relation 
d8]) is therefore nothing more than a reflexion of the variation via the chain rule © in the 
metric formalism. 

On the other hand, note that it is exactly the VJ^ terms that give rise to higher- 
order derivatives in the Einstein equations, due to the non-linearity of the metric in the 
curvature tensors. Hence Lagrangians with identically vanishing connection tensors not 
only will have an equivalence between the metric and the Palatini formalism, but will 
also yield only second-order differential equations. But of course these Lagrangians 
are uniquely identified as Lovelock gravities, such that the second-order differential 
equations and equivalence of the Palatini and metric formalisms are in fact two aspects 
of the same property. 
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